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AIIItract-We have constructed an analytical model from first principles that will permit the prediction of
the sound fields scattered by spherical elastic shells covered with a layer of viscoelastic materials, which
contain an inner fluid different from the outer fluid surrounding the laminated structure. 'Ibis model is
constructed as a sound/structure boundary-value-problem which accounts for sound fields interior to the
submerged shell. The model is exact insofar as the equations of linear elasticity/visco-elasticity can be
considered accurate descriptors of the vibrations of the laminated structure. Any conceivable damping level
present in the viscoelastic layer, can be quantitatively accounted for in the predictions. We have
successfuly separated the shape factors (or backgrounds) from the re-radiated (or resonance) portions that
combine to make up each modal contribution to the structure's backscattering cross section, in the IlllllDer
of the Resonance Scattering Theory (RST). We have quantitatively analyzed the dampina efect the coating
has on the modal resonances, either considering each mode individually or after adding them all together in
the cross section. Sound penetration into this target takes place through the discrete spectral windows
centered at the (rigid, in this instance) resonances of the fluid-loaded structure, and we show how each such
resonance produces each one of the rapid oscillations present in the sonar cross section. We display many
calculations of the (summed) cross section, of the modes or partial waves contained within it, and of the
backgrounds (shape factors) and resonance (re-radiated) lJOrtions which makeup each mode. 'Ibis is another
realistically modelled situation for a penetrable structure, that successfuly fits in the neiahborhood of
acoustic behavior near the idealized extreme of rigid impenetrability, where the RST is most useful.

INTRODUCTION

The interaction of sound waves with elastic spherical shells immersed in fluids is a well plowed
subject that seems to have started with the pioneering work of Junger[l-3]. The in-vacuo
vibrations of layered spherical shells were studied by Kalnins[4] who later extended and
reviewed [5] the whole subject of vibrating shell theories excluding the acoustic interaction
aspects. A variety of shell theories have been introduced to describe the behavior of fluid
loaded spherical shells [1,6,7] while some investigators have analyzed the transmission and/or
reflection of sound waves through thick spherical shells by means of the exact equations of
linear elasticity [8].

Some of the comprehensive work of Hickling studied the echoes returned by submerged
spherical shells [9-11] theoretically, experimentally, at low and high frequencies, and even using
frequency-modulated sound pulses as incident waves. Monostatic and bistatic cross-sections of
partially insonified submerged spheres were recently studied using the physical optics
method[12] and in another instance, by means of an exact theory of finite sound beams[l3]
which are techniques easily extended to the case of spherical shells. Transient interactions of
plane sound waves with spherical shells were analyzed by Huang[l4] although most of the
available work on sound scattering by elastic shells has used incident continuous waves. We are
not aware of the existence of much work dealing with any type of incident continuous acoustic
wave that is not plane.

If the spherical shell is made of sound-absorbing (i.e. viscoelastic) material, one finds only a
limited amount of pertinent pUblications. For the case of "impedance covered" spherical shells,
some work has been reported in the foreign literature [l5a], where in depth studies on
multilayered shells have been available for some time [l5b]. A detailed scattering analysis of
impedance covered spheres has also been recently published at this Center[l6].

The investigation of low-frequency seismic wave propagation through the Earth's crust has
led seismologists to develop extensive layered spherical shell models[l7] of the Earth that
sometimes can be made to account for thousands of layers. These models have obvious uses in
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the analysis of scattered fields from large layered spheres. If some of the upper layers are liquid
and some of the bottom ones are made to represent solid, possibly porous sediments, then the
models serve to study the ocean bottom[l8, 19] from the acoustically reflected field.

Very simple absorbing situations such as an absorbing sphere in water under planewave
insonification, have been briefly studied in superficial ways [20, 21] and even in an erroneous
way[22]. Air-filled cylindrical shells covered with viscoelastic layers, submerged in water and
insonified at beam aspects by plane sound waves, have been the subject of some recent analysis
both at low frequencies [23, 24] as well as at high[25]. The effect of small fluid-filled cavities
sometimes present in the outer viscoelastic layer has also been studied under the light of the
new Resonance Scattering Theory for cavities in solids [26]. This Resonance Theory has also
been used to study some aspects of the reflection of plane sound waves from metallic shells in
water[27]. It now follows that a basic problem that still remains to be posed and solved is that
of a submerged air-filled spherical elastic shell covered with a layer of visocelastic material, and
subject to plane-wave insonification. In the present paper we will analyze this sound/structure
interaction problem as well as the effect the absorptive characteristics of the coating have on
the backscattered cross-section or "echo" of the spherically layered structure. The absorbing
layer is assumed to have a homogeneous composition and viscous coefficients of known or
given values. This viscoelastic layer is also assumed to be ideally bonded to the elastic shell.
Anyone familiar with the processes usually followed to bond rubber to steel[28] is aware of the
difficulties involved in this assumption. The resulting complex boundary-value problem will be
studied by means of the exact equations of viscoelasticity or elasticity that govern the coating
and the shell motions, respectively [29]. The solutions in each one of the layers are coupled at
the interfaces between them, by suitable boundary conditions to be introduced in due time.
Therefore, we have developed an exact model for the complete analysis of the sound/structure
interaction problem, insofar as the equations of linear elasticity/viscoelasticity describe the
motion of the bilaminar shell structure. All absorption levels that could possibly be present in
the outer absorbing layer, are accounted for by means of this approach. Since this approach and
solution are exact, any approximation introduced later on to characterize the shell motions will
have to be compared to the present solution which will become the norm or calibration
standard. Suitable shell theories could later be used to simplify the present approach. We have
also analyzed the modal contributions that add up to the sonar cross-section in the manner
typical of the Resonance Scattering Theory [30, 31] in order to separate the shape and re
radiation components of each of its constituent normal modes; a process that is quite
enlightening in the understanding of the scattering mechanism taking place around and inside
the coated shell. Finally, we have analyzed some aspects of the effect the absorption damping
in the outer coating layer has on the shell and on the coating resonances which cause the
re-radiation.

VISCOELASTICITY BACKGROUND

The field equations of linear dynamic viscoelasticity in terms of displacements and in the
Kelvin-Voigt viscoelastic model are

[ 1+&.2..] v1a + [Ae +/Le] [I +Av + /Lv].2.. V(V· il) =~@
/Le 8t /Le Ae + /Le iJt c. 8t

(1)

where A.. /L. are the elastic Lame constants, Av, /Lv are their viscous counterparts, and
c. =(/LJp)l/2 is the speed of shear waves in the viscoelastic medium. The above relations reduce
to the standard Navier equations of elasticity in the absence of viscosity. For the axially
symmetric case in spherical coordinates, of interest to this paper, the above equations take the
following particular form

V2 2 aUr
..U8-::2

r 88
(2)
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(3)

(4)

(5)

and where time-dependence of the form e-;..1 has been assumed wherever pertinent.
We have shown earlier [29l that eqns (2) are automatically satisfied provided that we introduce

two scalar potentials. 41. '" which satisfy Helmholtz equations with complex propagation constants
as follows

(V;' + /(/)41 =0, (V;' +/(/)'" =o.

The (complex) wavenumber /(. was defined in eqn (5) and analogously, we define

(6)

(7)

to be the (complex) wavenumber of dilatational waves. These waves have speed Cd =
{(A. +21J..)/p}1/2.

All the non-vanishing components of the displacement and the stress fields can be obtained
from the two potentials 41. '" and the pertinent relations are as given below. For the
displacements:

I 0 [ 0 ]"e=-- 41+-('1/1)
r 08 or

114> =0

and for the stresses:

[ . 2 . {[I 0 cot 8 a] [ 0 ()] 2}
"4>4> = - A. - IwA.l /(d 41 +2(1J.. -IWIt.) r ar + ----,r 08 41 + iJr '1/1 + /(. '" .

(8)

(9)

The procedure to solve the coupled eqns (2) is to solve eqns (6) subject to suitable (stress or
displacement) boundary conditions making use of eqns (9) and (8) and then construct the
displacement fields from the potentials by means of eqns (8). Anticipating results of the
following section we can state that the boundary conditions imposed on the three interfaces of
the boundary value problem to be solved next, will determine the ten sets of constants
appearing in the general solutions.
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2. NORMAL-MODE SOLUTION IN ALL LAYERS

An elastic spherical shell of inner and outer radius a and b respectively is coated with an
absorbing layer of outer radius c. This absorbing layer is ideally bonded to the elastic metal
shell. The shell contains air in its interior and the whole structure is immersed in water. The
Kelvin-Voigt modkl controls the viscoelastic behavior of the coating layer. This layer is the
only one that absorbs sound energy. A plane acoustic wave is incident on the coated shell from
its South pole, and it is scattered by it. We wish to determine the scattering cross-section of the
structure particularly in the backscattering direction 8 = 'IT. We also want to quantitatively
determine the effect produced on the object's sonar cross-section by various amounts of
viscous losses present in the coating layer. The four media in question are: (I) the water, (2) the
viscoelastic coating, (3) the metal shell, and (4) the interior air. (See Fig. 1).

The pressure wave incident of the structure's South pole is

'"
Pine = poe-iOlt L jn(2n + l)Pn(cos 8)jn(k 1r) = poei(klrCOS8-Olt)

n~O

(10)

where k1 = W/cl and c\ is the sound speed in water. Since this problem has no azimuthal
dependence, the total pressure field in the exterior medium (I) is:

'"
PI =Po e-iwI L jn(2n + l)Pn(cos 8)Un(k,r) + bnh~l)(klr)]

n=O
(11)

where spherical Hankel functions of the first kind are chosen to have outgoing scattered waves
from the structure and bn is a coefficient to be determined from the boundary conditions.
Displacements associated with this pressure field are found by the relation

(12)

where PI is the density of the exterior fluid. The two scalar potentials 4>2, "'2 in the viscoelastic
coating (i.e. medium (2» which satisfy eqns (6) are

'"
4>2(r, 8, t) = Po e-iwl L jn(2n + l)Pn(cos 8)[C,jn(K~r)+ dnYn(Kd:1r))

n=O

'"
"'2(r, 8, t) = Po e- iwl L i"(2n + l)Pn(cos 8)[e,jn(K./) + fnYn(K'2 r ).]

n~O

(13)
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Fig. 1. The geometry of the structure and the incident waveform. Spherical air-filled. steel shell. coated
with a rubber layer, immersed in water and insonifled by a plane pressure wave incident on its South pole

(8'" 71").
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The displacement and stress components associated with these potentials can be found in
medium (2) by means of eqns (8) and (9) respectively. The elastic solutions in the spherical shell
are found in a way analogous to eqns (13), and the result is,

00

4>3(r, 8, t) = Po e- ibJI L i"(2n + l)P,,(cos 8)[g,j" (kdJr) +h"y,,(kd]r)]
"So

00

"'3(r, 8, t) = Po e- ibJI L i"(2n + l)P,,(cos 8)[I,j,,(k./) +m"y,,(kSjr)]
,,-0

(14)

where the wavenumbers kdJ = W/CdJ' and kSJ = w/csJ are now real numbers. The displacement and
stress components in medium (3) are found from eqns (14) by means of sets of equations
analogous to eqns (8) and (9) but with vanishing viscous coefficients, A"J' #L"J' Finally, the
solution for the pressure fteld in the ftuid interior to the structure (Le. medium (4» is given by

'"
P4(r, 8, t) = poe-j.,r L i"(2n + I)P,,(cos 8)q,j,,(k4r),,-0

(15)

where k4 =W/C4' and C4 is the sound speed in medium (4). Displacements and pressures are
related in medium (4) by an equation analogous to eqn (12). We note that all the potentials in the
four layers contain a total of ten sets of constants (i.e., b", c", ... q,,) which must be determined
from ten boundary conditions at the interfaces r = a, r = b, and r = c.

The ten boundary conditions are as follows.

At r= c,

T~=O

At r= b,

(16)

At r= a,

T~=O.

Equations (8)' and (9) or their non-viscous counterparts, are to be used in these boundary
conditions together with the solutions in eqns (11)-(15). The boundary conditions are merely
statements of continuity of stresses and/or displacements across the three interfaces, and they
produce a set of ten equations in the ten unknown coefficients as follows

dlJ d\2 d13 d\4 dIS 0 0 0 0 0 b" AT
d 2\ d22 dn d'1A d25 0 0 0 0 0 c" A'
0 d 32 d3) d34 d 3S 0 0 0 0 0 d" 0
0 d 42 d 43 d44 d 4S d46 d 47 d48 d 49 0 eft 0
0 dS2 d S3 dS4 dss dSf, dS7 d S8 dS9 0 I" = 0 (17)
0 d 62 d 63 d64 d 6S d66 d67 d68 d69 0 gIl 0
0 d72 d7) d74 d 7S d 76 d77 d 78 d79 0 h" 0
0 0 0 0 0 d86 d87 d88 d89 d8•IO 1" 0
0 0 0 0 0 d96 d97 d98 d99 d9•10 mIl 0
0 0 0 0 0 d1O•6 d lO•7 dlO•8 d lO•9 0 q" 0

The sixty non-vanishing coefficients djj and AT, A' are all listed in Appendix A, after a
non-dimensionalization procedure discussed elsewhere[23] has been applied to render dimen
sionless the 10 x 10 determinant of the matrix D. Any of the unknown coefficients can then be



1088 G. C. GAUNAURD and A. KALNINS

obtained by means of Cramer's rule. If IBnl is the determinant which results when the first
column of the 10 x 10 determinant of the matrix D in eqn (17) is replaced by the column vector in
the right side of eqn (17), then coefficient bn is

(18)

and the analogously with all the others.

3. THE DIFFERENTIAL AND SONAR SCATTERING CROSS SECTIONS

The differential scattering cross-section in this azimuthally symmetric situation is defined as

dO" _ dO" -Ii [21 P,C 1
2
]---- m r -

dO d8..- Pine'
(19)

Using the incident and scattered pressure fields given in eqn (11) and then using the far-filed
asymptotic expansion

yields eventually

dO" 1 I "" 1
2

d8 = k( ~O (2n + l)bnPn(cos 8) ,

(20)

(21)

which is the differential scattering cross-section, which only depends on one of the ten
coefficients (viz, bn).

The sonar cross-section of monostatic (i.e. 8 = 71") sonars is,

(22)

where we have used the relation Pn(-l) = (_I)n. The backscatteringcross-section 0" is denoted the
"sonar" cross-section since it displays the features and levels used by a distant sonar system to
"see" the coated structure discussed here. Eqs. (21) and (22) can be made non-dimensional as
follows:

4 dO" I 2 "" 1
2

~ da = -:--"k ~ (2n + l)bnPn(cos 8) =1/(8W,
C IJ I ,c N-O

(23)

(24)

Series of this type are slowly convergent, and many terms are needed to plot them in wide
k,c-ranges. For k,c s 20, plots of the above equations can be produced without great com
putational difficulty.

The following numerical values were used for the materials and the geometry. The radii are:
a = 25.40 em, b =26.3525 em, and c = 26.67 em. This corresponds to a 1/8 in coating on a 3/8 in
shell having a 10 in. inner radius. Medium (I) is water of parameters PI = 1.0 g/cm3

, c\ =
1.5 x lOs cmlsec, and k1 = W/cl' Medium (2) is rubber of parameter P2 = 1.13 g/cm3

, A".! =
2.218 X 10'0 dyn/cm2,1L".! = 1.0 x 108 dyn/cm2

, and A"2 =Flw, 1L"2 =FT/w. The quantities F and FT
are numerically varied over suitable ranges discussed below. The speed of dilatational and of
shear waves are found by the relations

(25)

and they are c~ "'" 1.4 x lOs cmlsec and c'2 == 0.94 X 104 cm/sec. The (complex) propagation



Resonances in the sonar cross sections of coated spherical shells 1089

(26)

constants for dilatational and shear waves in medium (2) multiplied times the outer coating radius
c can be expressed in terms of the propagation constant of the outer medium k\ as follows

c\ k\c c\ k.c
Kd

2C
= Cd2 Vl- i[(F +2FT)/P2d

2
J' K'2

C
= C'2 Vl- i(FT/P2c~i

Medium (3) is steel of parameters P3 =7.84 g/cm3
, AO) = 11.3 X 1011 dyn/cm2

, ILO) =
7.54 X 1011 dyn/cm2

, and k d3 =W/Cd3 and k'3 and k'3 =W/C'3' The wavespeeds Cd3, C'l are deter
mined from relations analogous to eqns (25). Medium (4) is air at 20°C of parameters
P4 = 0.0012 g/cm3

, C4 = 0.344 x lOs cm/sec and k4 = W/C4' Levels of viscosity in the coating (i.e.
medium (1» are achieved by numerically varying the parameters F and FT as follows:

Table I.

F

FT

Basic

o

o

8b)

8.752 x 10'

107

8d).7a)

1.243 x 10'

107

7c)

1.283 x 108

The labels 8b), 8d), etc... correspond to those in Table 2 of Ref.[30].

4. ISOLATION OF THE MODAL RE-RADIATING COMPONENTS.

Each modal contribution (n =0,1,2, ...) such as those in Fig. 3, adding up to the cross
section in Fig. 2, can be split into two components. That was one of the earliest findings of the
body of knowledge now called the "Resonance Scattering Theory" [30-32]. The two com
ponents are a smooth background or shape factor, which accounts for the reflection from the
structure as if it were impenetrable (i.e. without interior fields) and another component due to
the interior structural resonances of the bilaminar shell, which causes it to re-radiate sound
energy. Therefore, acoustic fields penetrate into the structure only through a countable discrete
set of narrow spectral windows centered at the natural frequencies of the coated target. Away
from these resonances, the acoustic behavior of the structure is as if it were perfectly
impenetrable. Thus, the masking elect of the coating will manifest itself by atfecting only the
re-radiating resonance components of each modal contribution to the shells's sonar cross
section. The modal backgrounds, which depend on the shell shape, will not be altered by the
presence of the coating layer in any way. In what follows we will show how this decomposition
into shape-factors and re-radiating resonances is achieved in this case. We introduce the
definition of the scattering coefficient SIt as follows

(27)

This is merely a particular case of the matrix equation relating the Sand T matrices [33]. It is
now possible to write the coefficient bIt given in eqn (18) by expanding the determinants IB"I
and ID"I along their first columns, as follows

(28)

where D~I and D~' are the minor determinants of the elements dB and d2h shown in eqn (17),
and listed in Appendix A. Substituting the values of AT, A!, dB, and d2\ from Appendix A
yields,

(29)
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o
Itc:2

6.

5.

4.

3.1-1-111----11-+---------1
2.

1.

0.00 4.00

Fig. 2. Normalized (summed) backscattering cross section (u('lTC 2= IInfn('IT)12
) of a coated, air·fiIIed, steel

spherical shell of outer radius c, in water, versus non-dimensional frequency klc. Thirty partial waves
(/I = 0,1,2 ...) are added to generate this plot. Some of the observed "resonanu features" in this graph

originate from the shell while some others are caused by the coating layer.

• = 25.4000 b = 26.3525 c = 26.67 F = O.
"01"11 F1 = 0 n =0
2.00f-------...------,

1.00f--------f-------I

k1c
IL-,J-J---U..CL---:J>,LL~..::;::~~~

8.00 12.00 16.00 20.00
n=1

f---------r---------,

Fig. 3. Plots of the first five (/I =0, 1,2,3, &. 4) normal modes or partial waves which add up to the summed
backscattering (i.e. sonar) cross section displayed in Fig. 2 for a rubber coated, air-filled, spherical steel

shell in water, all versus k,c(O s klc S 20).

We can now write Sit in two alternative forms, depending on how we factor the terms in eqn
(29). These two forms are

and

(30)

(31)



where,

and
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(32a)

(32b)

(33)

(34)

From eqn (30) it is clear that if PI ~ P2 (i.e. a "soft" target compared to the ambient medium)
then, F" ~ 1 and S" -+ S~SI. From eqn (31) if PI ~ P2 (i.e. a "rigid" target much denser than the
ambient medium) then, F" ~ I and S" -+ S~l. Note that three phase angles 8", ~~sl, ~~), have been
defined above, by eqns (30H32).

An immediate consequence of the above limiting results is that if a structure with many
layers is covered by another layer, no matter how thin, of nearly zero (or nearly infinite) density
material compared to that of the outer medium, the echo from the entire structure will be
almost identical to that returned from a perfectly soft (or rigid) surface, regardless of which
other materials or internal structural components are contained inside that very tenuous (or
very dense) outer layer. The above follows immediately because only the density of that outer
layer (i.e. P2) has to be compared to the ambient density (i.e. PI) for the above limiting results to
be valid. In fact, this is what we have proved in the immediately preceeding paragraph.

The quantities S~) and S~l are the "backgrounds" associated with the shape of the
structure, the Zi (and Z~I) (i = 1,2) are proportional to the modal acoustic impedances of the
shell, while F" (or F~I) are proportional to its modal mechanical impedance in either the soft or
rigid situations, respectively[34]. The "resonances" causing re-radiation are given by the zeroes
of the denominators of eqns (30) and (31), which in each case lead to the characteristic
equations

(35)

where x :5 klc. To solve these equations is no simple task since each of the 9 x 9 determinants
D~I, D;I contains 54 non-vanishing elements, all containing numerous spherical Bessel and
Hankel functions (of possibly complex arguments.) The solutions will be the complex eigen
frequencies of the problem, but since it is more convenient to deal with real resonance
frequencies, we solve instead

(36)

for the soft and rigid situations, respectively.
Simple algebraic manipulations suffice to show that the definition S" :5 exp[2i8,,] implies that

S" - 1= 2i sin 8" exp (i8,,),

that eqn (30) implies that

S - 1= 2jf,.(·) [Z2 - Z\ +2· -/{,,(,) . l:(II]"e F. I e SID~",
Z\- "

and that eqn (31) implies that

[

-I -I ]
S - I - 2i~.(" Z 2 - II +2' -il.(" • l: (rl" - e I F I Ie SID ~" •

1\ - "

55 Vol. 18. No. 12-0

(37)

(38a)

(38b)
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The magnitudes of the scattering amplitudes given in eqn (24), which we repeat here in a
more complete form

~ = 1f(1T}f = Ii fn (1T)1
2

= I~ L (-I)"(2n + 1)bn12

1TC n=O IX

are, therefore,

(39a)

for the soft case, and analogously

I, ( )1 = 12n + I e2~"(') [ 1\'- z2"' +2' -it,(,) • t(t)]1
Jn 1T p-l R 1'1 -I Ie sm~nX n - e Z. -I m ZI

(39b)

for the rigid case. These are the partial waves (n =0, 1,2 and 3) displayed in Fig. 3. Equations
(39) are still exact and they can still be linearized in the now standard way of the Resonance
Scattering Theory[311, however, that will not be shown here. The exact form of eqns (39)
already shows how each partial wave contains two components, one associated with the
structural resonances that cause re-radiation, represented by the fraction in eqns (39), and the
other the shape factor or background, associated with reftectioD from an impenetrable structure
represented by the term with the sine functions. We note the following two valid relationships

(40a)

(40b)

Therefore, in the soft and rigid cases respectively, the contributions from each of the shape
factors to the scattering amplitudes are

If(S)S/()1 12n + 12' ~(o) • t(S)1n ;. 1T = -- Ie" sm ~n
X

If~)"/'(1T)I;:: 12nx+ 12 sin ~~)I·

Analogously, the corresponding contributions from the re-radiating resonances are

(4Ia)

(4Ib)

These components will be plotted separatedly in the next section. We note that both eqns
(41) or both eqns (42) represent the same result that has been split up into two components in
two different ways. Equations (4Ia) and (42a) represent the split in the soft case, while eqns
(4Ib) and (42b) in the rigid case.

A third and final situation requiring analysis occurs when the shape factor that should be
subtracted from the modal scattering coefficients in order to isolate the resonances is neither
rigid nor soft but somewhere in between these two extremes[31l. From eqns (27), (30) and (31)
it follows that the proper coefficients to use in the soft and rigid cases, respectively, are

2(b - b(sl\ =S _ SIS) = S(d Z.- Z2
n n } n n n F

n
ZI'

(45a)
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2(b -b(T»=S -S(T)=S(') ZI -Z2

" " " " "F;I_ ZI )'
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(45b)

These are the quantities we have used in eqns (42) to construct their contributions to the
scattering amplitudes. It is simple to verify that for the situation somewhere midway between
the above two cases, the analogous result to be used is

--I --I
2(b -b(m»=s -S<m)=s(m). Z\ -Z2
"" " " "Fnl - ill'

where the quantities with bars are defined to be

Zl(X) = Zi(X) - F,,(xo) (i = 1,2)
F,,(x) = F,,(x) - F,,(xo),

and the midway shape-factor s~m) is defined to be

which is clearly unitary since it is quickly verified that

The explicit expression for S" in terms of the midway shape factor s~m) is

(46)

(47)

(48)

(49)

(50)

which is analogous to eqns (30) and (31) for the rigid and soft cases. The quantities F". Zh and Z2

are given in eqns (33) and (34). and Xo is a value of x for which F,,(Xo) is nearly constant. Plots
of F,,(x) vs x show that in most cases this function is nearly constant almost everywhere except
near its singularities which are close to the resonances of the coated shell [which are found as
the roots of the real parts of the denominators of eqns (46) or (50)] due to the usual smallness of
the quantity Re (i\)-I. The choice of Xo is not critical, and the counterpart of eqn (42) in this
midway case is

5. NUMERICAL RESULTS.

The first objective of this paper was to display the computed backscattering (i.e. sonar) cross
section of the coated shell as given by eqn (24) with bIt given in eqn (I8), as a function ()f the
acoustical size of the structure klc, in the outer medium. Later we analyze the effect the three
viscous levels shown in Table 1 have on the above described spectral plot of the cross section.
The computations required to generate these graphs make use of routines we generated years
ago to evaluate spherical (and also standard) Bessel, Neumann and Hankel functions of
complex arguments and fractional (or integer) orders. The analysis is arbitrarily done for a
coated shell with an outer radius c = 26.67 cm and k\c varying up to a value of 20. This means
that the frequencies of the incident waves range from zero to about 18 kHz, which is a band
covering many cases of interest.

Figure 2 displays the plot of eqn (24) versus klc (O:.os klc :.os 20) assuming that the rubber in
medium (2) is elastic, but nonabsorbing. Twenty-five terms were kept in the sum used to
generate Fig. 2 to insure accuracy in the klc-range considered there. Since the plot is the sum of
many (i.e. 25) partial-waves or normal modes, which interfere one with the next in a sensitive
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fashion, the plot exhibits many rapid oscillations, peaks, and deep minima which are ultimately
due to resonances excited in the shell and/or coating layers by the incident wave.

We will later show how the many oscillations present in Fig. 2 are damped out as the
viscous levels of the coating layer increase through the values shown in Table 1. The first five
partial waves that add-up to the cross section in Fig. 2 are displayed in Fig. 3 for n = 0,1, ... 4,
from top to bottom. These waves are the spectra of the modal contributions contained within
eqn (24), viz.

(52)

versus k\c, where bno given in eqn (18) depends on the k.c in a complicated fashion, as it is
evident from inspection of the list of elements dii in Appendix A. We further note that the
square of the sum of the modal amplitudes defines the (normalized) cross section given in eqn
(24), viz.

(53)

Each rapid oscillation appearing in Fig. 2 is caused by resonances present in these normal-mode
contributions shown in Fig. 3. Note for example the one near k1c "" 8 in the plots of various
modes (i.e. n = 1,2,3,4, ...) which consequently manifests itself as a very large spike in Fig. 2.
Note that in view of eqn (53) the ordinates in Fig. 2 are the squares of those in Fig. 3.
Observation of Fig. 2 show regions (around k,c "" 2 and 8) where the cross sectional values are
at least six times larger than those predicted by geometrical acoustics (i.e. 7TC

2
). These are

frequency bands at which the target is highly "visible" in spite of the presence of the outer
absorbing layer. One reason for this result is that for the plots shown in Figs. 2 and 3, the
coating layer was assumed non-absorbing, and therefore, completely incapable of reducing the
backscattered return. The absorptive behavior of the coating is investigated in later figures.

The quantitative effect of coating viscosity on the (summed) cross section shown in Fig. 2
without viscous effects, is now shown in Fig. 4. The three shown viscous levels correspond to
the three (non-vanishing) sets of values in Table I. These viscous parameters F, Ft make the
arguments of the Bessel functions in the coating layer (viz. K~C, K'2C) take on complex values
related to k\c through eqns (26). As the absorption levels increase, certain resonance features
of the cross section begin to get damped out. Note for example the large spike near k\c "" 8 in
Fig. 2. In the top portion of Fig. 4, that spike is much reduced, while in the central and bottom
parts of Fig. 4, it is totally gone. Note that at these higher viscous levels there are some spikes
in the high-frequency end (i.e. for k,c ~ 18) that were not present in Fig. 2. These are caused by
numerical instabilities in the subroutines to evaluate Bessel functions of complex arguments
with large moduli, and should not be attributed to any type of cross sectional enhancement
effect due to the coating at all. Figure 5 shows the quantitative effect of viscous absorption on
the first four modes contained within the cross section. As we increase the viscous levels
through the values listed in Table 1, we note that some of the resonance features present in the
modal plots are damped out and eventually disappear. The modal backgrounds or shape factors
to be discussed and subtracted in Fig. 6 (left column) are seen to remain unaffected by
increasing absorptive levels. Some of the numerical instabilities mentioned earlier in the
discussion of Fig. 4 are also present at the higher viscous levels (right column), particularly at
the high-frequency end (i.e. k\c ~ 18) of Fig. 5. Some resonance features clearly visible in the
left column, where they have been marked by rectangular boxes, eventually disappear at the
higher viscous levels shown in the right column.

The material combinations of the bilaminar shell studied in this paper such that the shell has
an overall acoustic behavior close to the rigid. This conclusion emerges from the following
analysis of Figs. 6 and 7 where we attempt to isolate the re-radiation or resonance components
contained within each mode (n = 0,1,2, ...) by subtracting first the rigid shape factors (Fig. 6,
left column), and then the soft ones (Fig. 7, left column) from the modal contributions to the
cross section plotted earlier in Fig. 3.
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Fig. 4. The quantitative effect of coating absorption on the (summed) sonar cross section. As the absorption
levels increase, the amplitudes of the resonance spikes decrease from their original values in Fig. 2, where
no absorption was accounted for. For higher absorption and higher frequencies (Le. k,c ~ 18) numerical

instabilities start to develop in the plots.
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Fig. 6. Extraction of the "rigid resonances" of the bilaminar shell (right column) from the first five
(undamped) partial waves displayed earlier in Fig. 3, by subtraction of the corresponding modal "rigid
backgrounds" (left column), of a perfectly rigid but otherwise identical spherical structure of dia. 2c. These

rigid resonances seem to group themselves into two (broad and narrow) overlapping subfamilies.
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that are left over (right column). (These residuals would have been "soft". This is not the case here since

the structure in this instance behaves as "rigid", and these residuals are not resonances at all.)
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The left column of Fig. 6 displays the modal shape factors in the rigid case, as given by eqn
(4tb) for the first five (n =0, I, ... ,4) modes. The right column in Fig. 6 displays the rigid
re-radiation (or resonance) portions as given by eqn (42b). The resulting modal resonances are
seen to group themselves in two overlapping families which are broad and narrow,
respectively. These are the resonances of the bilaminar shell under study. Some of these are
resonances of the shell and some are of the coating in a way that we will investigate in further
detail in the future.

If the soft shape factors derived in eqn (4Ia) are subtracted from the modal contributions
shown in Fig. 3 in an attempt to isolate "soft resonances" in a way analogous to that followed
to generate the rigid resonances in Fig. 6, the procedure yields results that do not resemble
resonances of any kind. The soft shape factors for the first two modes (n =0, 1) are given in the
left column of Fig. 7, and after they are subtracted from the corresponding modes in Fig. 3, the
resulting residuals are displayed in the right column of Fig. 7. These residuals do not look like
resonances, and in fact, they are not resonances at all. One should not feel disappointed
because a given structure does not have both rigid and soft resonances. In fact, that is never the
case since only one of several possible behaviors can actually occur for a given structure. In the
present case, only the rigid resonances have been shown to be the suitable ones. A third, still
possible alternative is that the structure has neither one of those two types of resonances. It is
for this alternative that we discussed the case of "midway resonances" in the text from eqn (45)
on. To test if the structure has this third type of resonances corresponding to a behavior
somewhere between rigid and soft, we produced Figs. 9 and 10 below.

Figure 8 compares the two extreme cases of shape factors that we have discussed thus far.
This background comparison is illustrated by the second (i.e. n = 2) normal mode. The soft
shape factor is shown in solid lines while the rigid is shown in dashed lines, 60th versus k1c == x.
For any given mode, purely rigid and purely soft backgrounds always appear interlaced, as it is
typically shown in this plot for n = 2. Intermediate or "midway" shape factors are shifted
relative to these two basic and extreme cases, and they appear displaced somewhere between
the two. The plots in Fig. 8 are obtained using eqns (41).

The only case remaining to be investigated is that of the midway resonances. The quantity
F,,(x) given in eqn (33), which is (inversely) proportional to the modal mechanical impedance of
the coated shell, can be plotted versus k\c == x with the result shown in Fig. 9 for the second
(n =2) mode. Away from the three singularities present in the range 0 s x 2!: 20 this is a slowly
varying (quasi-constant) function, and the methodology of the midway background discussed at
the end of Section IV can be applied to it. Inspection of Fig. 9 shows that F2(Xo) "" 2.5, and using
eqn (51), the "midway resonances,l of the second (n = 2) mode have been plotted in Fig. 10 and
they can be generated analogously for any other mode. Comparing the rigid resonances in Fig. 6
(n = 2, right column) with Fig. 10 obtained using the midway resonance procedure, we note that
the results are quite similar. Minor differences such as a first resonance slightly narrower than
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FIGURE 9.

Fig. 8. Comparison of the soft (solid tine) and the rigid (dashed) backgrounds for the second (n = 2) mode
contained within the sonar cross section, as a function of non-dimensional frequency klc. For aU modes
contributing to the cross section, fiajd and soft backgrounds are interlaced as typically shown here for the

coated. air-filled, spherical, shell in water under analysis.

Fig. 9. Plot of Re (F.) vs. k,c. x, where F., given in eqn (33), is (inversely) proportional to the modal
(n =2) mechanical impedance of the coated sbeU. Away from its singularities, this function is ap
proximately constant and Fz{Xo) a 2.5. The calculation is for the same coated, air-filled, spherical, steel shell

in water considered here.
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0.00 4.00 8.00 12.00 16.00 20.00
Fig. 10. Graph of the "midway-type" resonances present in the second (n = 2) mode versus non
dimensional frequency klc, from eqn (51). This graph is very close to the n =2 rigid-resonance case shown
in Fig. 6. As obtained by this approach leading to eqn (51), all other modes (n;i 2) contain resonances very
close to the rigid resonances displayed in (the right column of) Fig. 6, because for this combination of
materials, this coated, fluid-loaded, structure has an overall acoustic behavior relatively close to the rigid.

that shown in Fig. 6 (n :; 2), are noticeable, but the overall graph is identical to that in Fig. 6 for
the second mode as well as for all the others. Various choices of Xo show that its value is not
critical. Therefore, the "midway resonance" procedure leading to eqn (51), for the material
combination chosen here, produces almost the same resonances isolated earlier in the rigid case
(Fig. 6). Thus, the rigid acoustic behavior is the most accurate descriptor of the bi/aminar
situation under analysis here. If the midway shape factor that yields the midway resonances of
the n :; 2 mode shown in Fig. 10 had been plotted, we would see a graph in-between the rigid
and the soft backgrounds shown in Fig. 8 but sufficiently close to the rigid one to further
provide the overall quasi-rigid acoustic behavior of this complex shell structure. In other words,
the true acoustic behavior of the structure is not sufficiently far away from the rigid "extreme"
to merit treatment under the "midway resonance procedure", and thus, this approach
reproduces the earlier rigid behavior.

The very realistic situation modelled and analyzed here admits modal shape factors as
simple as those associated with the rigid behavior. Subtracting them from the modes, the
correct resonances are isolated. We have seen other instances[31] where the soft backgrounds
are equally suitable for very adequate descriptions of the scattering mechanisms involved.
Thus, the neighborhoods near the soft and rigid extremes, where the Resonance Scattering
Theory so far has been shown to have most of its usefulness, are in fact quite wide. We have
shown here another example of the many realistic situations that fit quite well within those
neighborhoods. Thus, there is left only a narrow gap midway between the two extremes,
requiring further study.

6. CONCLUSIONS

We have developed an analytical model to predict the global scattering of acoustic waves
from sph~rical, gas-filled, elastic shells covered with layers of viscoelastic materials. The model
is exact insofar as the equations of linear elasticity/viscoelasticity govern the behavior of the
submerged bi/aminar shell structure. All absorption levels in the outer absorbing layer can be
accounted for. Even though this is a coupled problem due to the fluid loading, we have
successfuly separated shape factors and re-radiation (i.e. resonance) modal contributions, in the
manner of the Resonance Scattering Theory (RST), and we have quantitatively studied some
aspects of the damping effects the absorptive layer has on the modal resonances, considering
each mode separatedly, or all added together. The particular steel-rubber bi/aminar shell used
for the displayed calculation has been shown to acoustically behave close to the rigid extreme
and this has been further substantiated using the midway-resonance approach also presented
here. We emphasize for clarity that there is sound penetration into the structure, since it was
modelled as an elastic/viscoelastic shell rather than rigid. Had it been purely rigid, each normal
mode contained within the cross section would have consisted only of shape factors (or
backgrounds) and there would have been no resonances (or re-radiated) portions. The fact that
there are appreciable (rigid-type) resonances (Fig. 6 right column) within each mode is a
measure of the departure of the structure's acoustic behavior from that of a perfectly
impenetrable (rigid) body of the same shape. Our earlier work on RST has shown that sound
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penetration into any target takes place only through a countable set of discrete spectral
windows centered at the (rigid) resonances of the ftuid-Ioaded structure that we successfuly
isolated mode-by-mode in Fig. 6 These peaks are all numerically predicted by the roots x~) of
the second one of eqns (35). We envison further work where the exact elasticity/viscoelasticity
equations used here, are judiciously replaced by the simpler sets of equations of suitable Shell
Theories. The present work will be the standard against which all those approximations will be
compared.
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APPENDIX A
The normalized elements of the 10 x 10 matrix 0

The normalization procedure followed in this spherical case is identical to that used earlier for a submerged coated
cylinder[23]. It turns out that in the same order as they come-out of the boundary conditions, the coefficients of the ten
resulting equations have dimensions of (pressuret. i.e. (dyn/cm2)4. Muhiplyilll certain rows and columns of the resulting
determinants by suitable constants, it is possible to non-dimensionalize the sixty non-zero elements. The final result is
given below:

dll = l2 K;,c2h~l)(klc)
P2

d l1 = - 4ICd,cj.'(ICd,c) +[2n(n +I) - K;,C1Jj.(Kd,C)

dll = - 4Kd,CY.'(Kd,C) +[2n(n + I) - K;,C1] y.(ICd,c)

dl4 = - 2n(n +1)[j.(K"c) - K"Cj.'(K.,C)]

dll =- 2n(n +1)[Y.(K"c) - /(" CY~(K"C)]

d11 = -klch~I)'(k,c)

dn =2[y.(ICd,c) - Kd,CY.'(Kd,C)]

d)4 = 2K"Cj.'(K.,C) +[K;,C1
- 2n(n + I) +2]j.(K"C)

dll =2K"CY.'(K"C) +[K~Cl- 2n(n + I) +2]Y.(K"C)

d-44 = n(n + I)j.(K"b)

d46 = -~Jbj"(~Jb)

d47 =- ~Jby.'(kd,b)

d... = - n(n + l)j.(k"b)

d.9 =- n(n + I)y.(k"b)

d'1 = - j.(Kd,b)

d,) = - y.(Kd,")

d14 =- K"bj.'(K"b) - j.(K"b)
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dl7 = ,.(k.!,b)

dlB = k"bj. '(k"b) + j.(/c.,b)

dl9 = k"b,. '(k"b) + ,.(k"b)

d67 = 4k.!,by.'(k.!,b) - [2n(n +I) - k;,b l]j. (k.!,b )

t4.8 = 2n(n + I)[j.(k"b) - k.!,bj. '(k"b»)

d69 = 2n(n + I)[y.(k"b) - k"b,.'(k"b»)

dn =2[j.(Kd,b) - Kd,bj.'(Kd,b»

d73 = 2[Y.(Kd,b) - Kd,b'.'(Kd,b»)

d74 =2K"bj. '(k"b) +[K;,b 2
- 2n(n +I) +2]j.(K"b)

d71 =2K"by.'(K"b) +[K;,b 2
- 2n(n +I) +2]Y.(K"b)

d7S = - II-~I {2k"bj.'(k"b) +[k;,b 2
- 2n(n + I) +2]j.(k"b)}

11-., - lillII-.,

d79 = - II-~I {2k"b,.'(k"b) +[k;,b 2 -2n(n + 1)+2]Y.(k"b)}
11-., - lillII-.,

d86 = - 4kd,aj.'(k.!,a) +[2n(n + I) - k;,a 2)i.(kd,a)

dB7 = - 4kd,aY.'(k.!,a) +[2n(n +I) - k;,a 2],.(kd,a)

do = - 2n(n + l)[j.(k"a) - k"aj.'(k"a»)

d89 =- 2n(n + I)[y.(k"a) - k"a,.'(k"a»)

d97 = k.!,aY.'(k.!,a)

d,s = n(n + l)i.(k"a)

d99 = n(n + l),.(k"a)

d9•IO = - k.aj. '(k4a)

diU = 2(i.<k.!,a) -Icd,aj.'(lcd,a»

dlO,7 = 2(y.(k.!,a) - k..,ay.'(k.!,a»)

HOI
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and finally,

G. C. GAUNAURD and A. KALNINS

d lO•1 '" 2k"aj.'(k"a) +[k;,a 2
- 2n(n + I) +2ji.<k"a)

dIO•9 '" 2k"ay.'(k"a) +[k;,a 2
- 2n(n + I) +2]Y.(k"a)

As given here, all these elements are not only non-dimensionalized, but also they have been reduced to their simplest
forms. Note that they depend only on the spherical Bessel (or Neumann or Hankel) functions, and at most on their first
derivatives.


